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the position of shock Xs0 at zero turbulence level. The
boundary-layer momentum thickness Reynolds number Re
and boundary-layer displacement thickness <5* measured just
before the shock are also shown in the figure. It is observed
that an increase in Tu from 0.3 to 6% produces a shift in the
shock position of 20%. Such a large change in the shock
position cannot be explained solely in terms of the thickening
of the boundary layer associated with the increase in
freestream turbulence. First, the initial increase in d* followed
by a decrease is not likely to produce such a large shift in the
shock position in one direction. This is shown by the ex-
periments performed by Delery3 on a similar model and at a
constant freestream turbulence level. Second, Re does not
increase continuously with the increase in Tu^, whereas the
shock position shifts in only one direction with the increase in
Tu^. Typically, Tu^ levels of 2.5 and 5.1% produce the same
value of Re, whereas the shock positions for these two values
of Re are not the same. It appears that the freestream tur-
bulence has a direct effect on the shock interactions and,
therefore, the shock position.

Figure 3 shows the influence of Tu on the peak Mach
number on the model Mpk. The influence of Tux on Mpk is
larger at Mpk ^1.3, a condition corresponding to significant
shock-induced separation. This suggests that the freestream
turbulence plays an important part in strong adverse pressure
gradients where large regions of separation are present.

The pressure distributions in the region of shock-induced
separation for a constant value of Mpk = 1,44 and for various
freestream turbulence levels Tu are shown in Fig. 4. The
differences in Cp levels at the shock position are due to the
differences in the freestream Mach numbers needed to achieve
a constant value of Mpk. The shock position at this value of
Mpk is typically 80% chord. Increase in Tux is shown to
produce an increase in pressure recovery at the trailing edge of
the motfel. Similar trends in Cp have been observed with the
introduction of vortex generators.4 The increase in pressure
recovery is due to the increase in momentum transport from
the freestream into the separated region produced by the
turbulence^

China clay flow visualization showed a two-dimensional
separation over 90% of the model span. Figure 5 shows the
variation of separation length, nondimensionalized with
respect to the boundary-layer thickness measured upstream of
the shock, with the Reynolds number based on the boundary-
layer thickness. When compared with the results of Kooi5 it is
seen that for given boundary-layer conditions upstream of the
shock wave, the separation length is influenced by the
freestream turbulence.

Thus it can be concluded that the freestream turbulence
plays an important part in transonic flow with shock in-
teractions. Detailed measurements of flowfield at various
levels of the freestream turbulence are in progress.
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Introduction

THE dynamic snap-through of a shallow elastic arch
subjected to triangular pulse loads is investigated.

Concentrated loads with independent magnitudes are applied
at the quarter points of the arch as a means of assessing the
effects of load asymmetry. Critical load combinations are
determined and the effects of the pulse duration and external
damping on the interaction curves are examined. The
behavior is similar to that of some shallow shells under blast
loads and demonstrates that asymmetric loading may have
much lower critical values than symmetric loading.

Humphreys1 and Fulton and Barton2 investigated the
instability of arches subjected to rectangular pulse loads.
External damping was considered by Lock3 and Hegemier
and Tzung,4 whereas Huang and Nachbar5 and Johnson6

treated material damping with a Kelvin-Voigt model. Step
loads were applied in Refs. 3-5 and impulse loads in Ref. 6.
Interaction curves for multiple step loads were presented by
Gregory and Plaut.7

Analysis
The ends of the arch are simply supported, the unloaded

configuration is

Y0(X)=Asin(TrX/L) 0<X<L (1)

and the shape at time Tis Y(X,T). The arch has mass /x per
unit length, Young's modulus £", cross-sectional area A,
moment of inertia7, and radius of gyration r = V/M. Con-
centrated downward loads P^T), P2(T), and P3(T) are
applied at X=L/4, L/2, and 3L/4, respectively. The coef-
ficient of external damping is denoted C.

Consider the nondimensional quantities

x=X/L y=Y/(2r)

< = A/(2r) t

Pk=PkL3/(2-K4EIr) k=l]2,3

and let the downward deflection be denoted by w, i.e.,

w(x,t)=y0(x)-y(x,t)

(2)

(3)

The equation of motion under the standard shallow-arch
assumptions is1

82w dw 84w d2 (w—y0)

(4)
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Fig. 1 Interaction curves when pj = 0.
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Fig. 2 Interaction curves when p2 - 0.

where 6 is the Dirac delta function and

dy0 aw

The boundary conditions are

—r =0 at x=0,l
dx2

(5)

(6)

12

Fig. 3 Interaction curves when p j =p3.

The pulse loads are assumed to rise instantaneously to the
values pk at t = 0 and then to decrease linearly to zero att = tf.
Step loads are a special case of such right triangular pulse
loads with' / /—oo,8 whereas impulse loads correspond to

Numerical results are obtained by assuming

(7)

and applying Galerkin's method. The resulting A^ nonlinear,
ordinary differential equations in <7/(0 are integrated by a
finite difference procedure, and critical loads are determined
by the Budiansky-Roth criterion9 corresponding to a sudden
jump in the maximum response.7 It was found that N= 5 was
sufficient to give accurate results,

Interaction Curves
Interaction curves are presented in Figs. 1-3 for the arch rise

parameter value X = 5, pulse lengths //= !/8,. 14,' l/2, and oo
(step loads), and damping coefficients c = 0 (undamped) and
c = 5. Undamped cases are depicted with dashed lines. The
lowest natural period of the arch is 1 /(2ir),10 and the case c = 5
corresponds to 3.6% of critical damping in the first mode
(/=•!) of Eq. (7). The results for step loads with no damping
are taken from Ref. 7.

Computed values of critical load combinations are
represented by circles. In Fig. 1 results are obtained by setting
p3 = 0, fixing the ratio pl /p2, and increasing the magnitudes
of the loads until snap-through occurs (i.e., using propor-
tional loading along a ray in the plane of pL vs p2). By
symmetry, pl and p3 could be interchanged. The case of no
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central load (p2 = 0) is depicted in Fig. 2 and the interaction
curves are symmetric about the ray Pj=p3. Finally, sym-
metric load distributions are considered in Fig. 3 where/?/ and
p3 are equal to each other and their ratio with p2 is varied.

As one might expect, the interaction curves move closer to
the origin with increasing pulse duration tf. In other words,
the critical value of the initial load magnitude at / = 0
decreases if the load is applied to the arch for a longer time.
Step loading provides the limiting case. (If one were to use the
pulse areas pktf/2 as the coordinates on the axes, the in-
teraction curves would move inward with decreasing pulse
duration and would approach the curve for impulse loads.)
The presence of damping is seen to increase the critical loads,
except in the case of step loading in Fig. 3, and to cause little
change in the shapes of the curves, except in the aforemen-
tioned case and for tf= V% in Fig. 2 near the rayp f =p3.

The lowest critical load, as far as the sum of the magnitudes
is concerned, occurs when either/?; or p3 is applied by itself.
The arch is especially resistant to snap-through when the
loading is symmetric. At PJ =p3 in Fig. 2, the interaction
curves develop a spike as f/—-0, indicating extreme sensitivity
to asymmetric imperfections.

Knowledge of the shapes of interaction curves can
sometimes be used to obtain bounds and approximations for
critical load combinations in related problems. In most of the
results presented here, for example, a straight line connecting
the critical loads on the two axes furnishes stable load
combinations (although they are sometimes less than one-half
of the critical values). The shapes of the interaction curves
may change as the pulse duration changes, and no general
convexity property can be stated.
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Introduction

IT is sometimes necessary to include nonlinear boundary
conditions and material property variations into the

analysis of a heat conduction problem.1;5 Because these ef-
fects cannot be taken into account by using classical methods,
approximate methods including these effects in a systematic
manner are needed. Two such methods are the heat balance
integral technique and the variational technique.

In this Note, the variational embedding technique is
presented to be a new approximate method which can also
include these aforesaid effects in a systematic manner. The
theory of variational embedding was systematically developed
by Edelem.6 Bhatkar and Rao have applied it to the
distributed systems control.7 Now, this technique is used to
solve the radiative heat transfer problem of a semi-infinite
body with variable thermal properties. The results for several
examples are shown in graphical form and comparisons are
made with other available solutions.

Methods and Results
Consider the heat loss from a semi-infinite solid at a rate

proportional to a power m of the surface temperature when
both thermal conductivity and heat capacity are a function of
temperature. Its initial temperature is T0 while the ambient
temperature is Te. The governing partial differential equation
for the problem can be written in the form:
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subject to the following conditions

T(x,0) =

k
dx x=0

(1)

(2)

(3)

The thermal conductivity and heat capacity are assumed to
be a power series of temperature

(4)

(5)=uR\I
L

u(T)=uRI +
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